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HOMOLOGY OF THE CONFIGURATION SPACES OF
QUASI-EQUILATERAL POLYGON LINKAGES

YASUHIKO KAMIYAMA, MICHISHIGE TEZUKA, AND TSUGUYOSHI TOMA

ABSTRACT. We consider the configuration space My, of quasi-equilateral
polygon linkages with n vertices each edge having length 1 except for one
fixed edge having length r (r > 0) in the Euclidean plane R2. In this paper,
we determine Hy(Mp,r; Z).

1. INTRODUCTION

We consider the configuration space M, , of quasi-equilateral polygon linkages
with n vertices, each edge having length 1 except for one fixed edge having length
r (r > 0) in the Euclidean plane R?. More precisely, we define C,, (n > 1) by

(1.1) Cow = {(u1,...,u,) € RO : Jujpr —uwil =1 (2<i<n—1),
lur — up| =1, and |ug —ui| = r}.

Note that Iso™(R2?) (= the orientation preserving isometry group of R?, i.e., a
semidirect product of R? with SO(2)) naturally acts on C,, .. We define M,, ,. by

(1.2) My, = Cn,r/lso+(R2) for r >0, and M, o= Cn,O/RQ.
Then it is clear that M, , (r > 0) can be described as follows:
(13) My = {1,y un) € Co s = (5,0),u2 = (—5,0) .

As My, n—1 = {1-point}, and M,, , = 0 (r > n—1), we can assume that r < n—1.
Concerning M, 1, we have the following examples:

(1) Mg_]l = {2—pOiDtS}.

(ii) It is easy to see that My ; is homeomorphic to {(z,y) € R?: (x +1)? +y? =
Bu{(z,y) eR?: (- 1)2+ > =1} U{(z,y) € R?: 2% + 4> = 4}.

(iii) It is well known that Ms ;1 is diffeomorphic to X4, i.e., the compact, con-
nected, and orientable two dimensional manifold of genus 4 (see for example [2],
3], [4]).

The dimension and the smoothness of M, , are studied in [5] (cf. Proposition
2.3), where the Euler characteristics of M, , are also determined. Finally, M5, is
treated in [11].

The purpose of this paper is to determine the homology group of M, ,. The
results are as follows.
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Theorem A.

(i) For r ¢ N, Mapmi1, is homeomorphic to Mami1,k,, where ki is the odd
number which satisfiesr —1 < k; <r+ 1.

(ii) Forr & N, Moy, is homeomorphic to Moy, k,, where ko is the even number
which satisfies T — 1 < ko <7+ 1.

By Theorem A, we need to know only H.(M, i;Z), where n > 3 and k €
NuU{0}, in order to determine H, (M, ,;Z). Concerning H, (M, x; Z), first we have
the following:

Theorem B. H, (M, x;Z) is a torsion free module.

Thus in order to determine H, (M, x; Z), we need to describe the Poincaré poly-
nomial PS(n, k) of M, , i.e., PS(n,k) = Y, rank Hy(M, ; Z)t*. Actually they
are determined in Theorem 6.8. In particular, we have the following result for
k=1.

Theorem C. We have

(i) PS(2m+1,1):mZ_2(2;n>t’\+2(m2T_n )tm 1+2§:2 (A+2> (m > 0).

A=0

(i) PS(2m, 1) = g <2m)\_ 1)tA + (mQT_n )tm Ly 2%:3 (2/7\”+_21> (m>1),

where (Z) is the binomial coefficient.

Theorem C suggests that the Lefschetz hyperplane section theorem and the
(partial) Poincaré duality might hold for M, ;.

We recall the Lefschetz hyperplane section theorem (see [8]). Let V' be a smooth
algebraic variety of complex dimension [ in CPY. Let P be a hyperplane in CP".
Then the maps H,(V N P;Z) — H,(V;Z) induced from the inclusion are isomor-
phisms for ¢ <! — 2 and an epimorphism for ¢ =1 — 1.

By setting z; = w12 — uir1 (1 <i <n—2),2,_1 = u; — Uy, and identifying R?
with C, we can write M, 1 as

Mn,l = {(21, .. .,Zn_l) S (Sl)n_l i+t 21— 1= 0}

If we regard (S1)"~! as a “variety” and {(z1,...,2n_1) € (C)" L i z1 4+ 42,1 —
1 =0} as a “hyperplane”, then Theorem C might be indicating some Lefschetz-type
theorem for M, ;.

Concerning the (partial) Poincaré duality, as May,+1,1 is a smooth manifold
of dimension 2m — 2 (cf. Proposition 2.3), Theorem C implies that Moy,41,1 is
orientable, and hence satisfies the Poincaré duality. On the other hand, Ms,, ; is
a manifold of dimension 2m — 3 with isolated singular points. However, we have
Hom—3(Mapm, 1;Z) = Z. If we choose the fundamental class [Ma, 1], it seems that the
Poincaré duality homomorphisms (\[Mam,1] : HY(Mam 1;Z) — Hom—3—q(Mam1;Z)
are isomorphisms for ¢ < m — 3 or ¢ > m. Such situation occurs if My, ;1 is an
orientable (m — 2)-regular space in the sense of [7].

In fact, we can prove these facts in a different way. We will give their proofs in
a subsequent paper. We note that we can prove Theorem C from the two theorems
together with the Euler characteristics x(Mp 1).
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FIGURE 1

This paper is organized as follows. In §2, we define a map m, , : M, , — St
for r > 0, and study the singular fibers of it. Then we prove Theorem A. Next we
prepare some notations which are used in later sections.

In §3, we construct deformations f,]f)r s My — My, for n —k =0 mod 2 and
r € (k—1,k+1) with k € NU{0}. This fF has limits lkimHof]f,T My — My k-1

e
and T_)lkiﬂ_of,’f)r : My p — My 1. We denote the former limit by f, ,, and the
latter limit by f: x- We prove this in Theorem 3.1.

In §4, we first define the homotopy colimit of a diagram. Theorem 3.1 asserts
that M,, i is actually described in the language of homotopy colimit. We prove this
in Theorem 4.6. At the same time, using this description, we prove in Theorem 4.7
that ffk can be decomposed into two maps if n — k is even.

In §57 we prove exact sequences in homology, which are the key steps for calcu-
lating H, (M, ) by induction. Theorems 5.6 and 5.6° are the main theorems of the
section.

In §6, we first prove the properties which fik s Ho(My, 1) — Hi(My, g+1) satisty,
where fifk are defined in §3. We do this in Theorem 6.3.

Having proved Theorem 6.3, we can apply Theorems 5.6 and 5.6° to H, (M, k)
and we establish recurrence relations for PS(n, k). We do this in Theorem 6.7.
Finally we solve the recurrence relations in Theorem 6.8. In particular, we have
Theorems B and C.

2. NOTATIONS AND PRELIMINARIES

In this section we define a map my, , : M, , — St (r > 0) and prove that it is a
fiber bundle with singular fibers. Then we prepare some notations which are used
in later sections.

For an element (u1,...,un) € My (r > 0), we write coordinates of u; as follows:
As in (1.3), we set uy = (5,0) and uz = (—%,0). On the other hand, we set
u; = (xi,y;) for 3 <4 <n. When r > 0, we also parameterize M, , by parameters
{(61,...,0,)}, where 6; denotes the counter-clockwise angle from w;u;_1 t0 Uit 1.
(See Figure 1.)

We define 7y, , : My, — S (r > 0) by 7,,(01,...,60,) = 62. In order to study
the singular fibers of m, ., we first consider the case of r € N. For such r, there
exists a unique ¢, € (0,7) so that if (uy,...,un) € m, L(¢r), then |ug —us| = 7. For
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later convenience, we write ¢, as ¥, when r is odd, and w, when r is even. Then
the structure of 7, , is given by the following:

Proposition 2.1.
(I) The casen =2m+1:
(i) The singular fibers of Tomi12i+1 are given by 772_7711+172i+1(1/12i+1) and
772_1711+172i+1(_1/)2i+1)(0 <i<m—2). Hence we have homeomorphisms:

7T2_1r11+1,2i+1((_¢2i+15¢2i+1)) 2 (—Y2it1, V2iq1) X Mam 2i,
Toma1.2i01 (V201,27 — Pi41)) = (Yaig1, 27 — Y2ip1) X Mam 2it2.

(In what follows, we give only the singular fibers and omit such homeo-
morphisms.)
(ii) The singular fibers of Tam41,2m—1 are given by 7T2_W11+1)2m_1(1/}2m_1) and

7T2_7711+172m—1(_w2m—1)'
(i) The singular fibers of Tam41,2: are given by 7T2_n£+1y2i(0) and 7T2_,,11+1y2i(7r)
1<i<m-—1).
(IT) The case n = 2m :
(iv) The singular fibers of mam. 2; are given by 71'2_”1%21-(0121-) and 71'2_”1%21-(—1,«)21-)
1<i<m-2).
(v) The singular fibers of Tom om—2 are given by Wz_nllTQm_Q(WQm_g) and

772_n{b,2m—2(_W2m—2)-
(vi) The singular fibers of Tom 241 are given by 7T2_n11,2i+1(0) and W{,}LZH(W)
(I1<i<m-—2).

Next we study the singular fibers of m,, , for » ¢ N. To do so, we generalize the
definition of 9,41 and ws; to ¥, and w, as follows. For r ¢ N, we define 9, €
(0,7) to satisfy the following property: If (u1, ..., un) € m, 1.(¢;), then uz — uy| is
odd. (Of course it is the unique odd number which is contained in (r — 1,r 4+ 1).)
Similarly for » ¢ N, we define w, € (0,7) to satisfy the following property: If
(U, .., un) € T, (wr), then |us — uq is even.

Then we have the following proposition for r ¢ N.

Proposition 2.2.

(i) The singular fibers of Tomi1, are given by 71'2_7;“)1”(1/)1”) and 772_n11+1,r(_1/)1”)'
(ii) The singular fibers of wom » are given by Wz_nll’r(wr) and wz_nll,r(—wr).

The proofs of Propositions 2.1 and 2.2 are elementary. So we indicate only the
proof of Proposition 2.1. We define f : M,,,, — R by f(u1,...,u,) = |uz — u|?.
We need to find the critical points of f. In order to do so, we recall the result
concerning the smoothness of M,, . (r > 0). In the following proposition, to say “x
is a singular point of M, ,” means that the Jacobian matrix of polynomial functions
over R, whose locus of common zeros is M, ,, is not of maximal rank at x.

Proposition 2.3 ([2], [5]).

(1) Mam1r s a smooth manifold of dimension 2m — 2 except for the case of
r=2i (1 <i<m-—1), in which case (uy,...,usm+1) is a singular point iff
all of the u; lie on the x-axis, i.e., the line determined by uy and us.

(i1) Map, » is a smooth manifold of dimension 2m — 3 except for the case of r =
2i+1(0<i<m—2), in which case (u1,...,uan) is a singular point iff all
of the u; lie on the x-axis.
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Now the critical points of f are given by the following lemma:

Lemma 2.4. (i) (u1,...,%2mt1) € Momt1,2i41 @5 a critical point of f iff
Flur, ...y usmir) = (20)%, (20 + 1)%, or (20 + 2)2.
(ii) A smooth point of (u1,...,U2m+1) € Mamt1,2i i a critical point of f iff
flu, ... ugme1) = (2i — 1)% or (20 +1)2.
(iil) (u1,...,u2m) € Mamoi is a critical point of f iff f(u1,...,usm) =
(20 —1)2,(24)?, or (2i +1)2.
(iv) A smooth point of (ui,...,usm) € Mamait1 5 a critical point of f iff
flut, ... ugme1) = (20)% or (2i +2)%

We see that Proposition 2.1 follows easily from the facts in Morse theory applied
to Lemma 2.4.

Proof of Lemma 2.4. We define

fl(xlayla"wxnayn) = (xl —$2)2 + (yl _y2)2 _T27
filwr,yn, o @, yn) = (20— 2ip1)? + (4 —9ip)” =1 (2 <i <n - 1),
fn(xlayla"wxnayn) = (xn —$1)2 + (yn _yl)Q - L

By [9, Proposition 2.7], we see that a smooth point (a1, b1, ..., an,byn) € {(x1,91,- -,
TnyYn) € R*™ ¢ fil@1,91,- - Tn,yn) = 0 (1 < i < n)} is a critical point of f iff
grad f is spanned by {grad fi,...,grad f,} at this point. By using this fact, we
can prove Lemma 2.4 easily. O

Remark 2.5. As

Tom+1,2m—1(Mom+1,2m—1) = [—V2m—1,V2m—1]

and
Tom,2m—2(Mom 2m—2) = [—wam—2, Wam—2],

the facts in Morse theory applied to Lemma 2.4 (i) and (iii) tell us that M,, ,—2 is
homeomorphic to S"73 (n > 4).

Remark 2.6. We note that Proposition 2.3 supports the truth of Propositions 2.1
and 2.2. In fact, for example, we consider the case of o +1,2i+1 : Mam+1,2i41 — St
For each o € S', think of 772_7}&1)21-“(@) as an element of Ma,, s by corresponding
(u1,...,Usm+1) € 7r2_,,11+1)2i+1(a) to (u1,us,...,Usmt+1) € Mo, s, where we regard
the line wyug as the fixed line, and we set s = |uz — uq].

If o # £42i41, then Proposition 2.3 tells us that 7r2_n11+1721-+1(a) is a smooth
manifold. On the other hand, if @ = %9;11, then 772_“11“_’2”1(@) has singular
points. These facts indicate the truth of Propositions 2.1 and 2.2.

Proof of Theorem A. By applying Proposition 2.1 to Mam+1,2i+1, and identifying
7r2_n11+1721-+1(a) with Ma,, s as in Remark 2.6, we have homeomorphisms Ms,, 2; —
Moy, s for 20 < s < 2¢ + 1. Similarly we have homeomorphisms Ma, 2; — Maopm, s
for 2i — 1 < s < 2i. Hence we have homeomorphisms Ma, 2; — Map, s for 20 — 1 <
s <20+ 1.

Similarly we have homeomorphisms May,41,2i41 — Mam+41,s for 2i < s < 27 +

2. O
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U,

y(r.) S(r,a)

ﬁ(r,a)

FIGURE 2

In §3, we construct the homeomorphisms in the proof of Theorem A more ex-
plicitly. In order to do so, we need some more notations, which we define in the
rest of this section.

(1) Recall that we have a map 7, : M, — S'(r > 0) given by 7,,,.(61,...,0y)
= fy. As usual, we parametrize S' by the parameter a of counter-clockwise angle.
For o € S', take an element (01,,03,...,0,) € 7, 1(a) (thus we write 0, as
«), and think of the triangle with vertices (u1,us2,us). If uy # ug, then we define
B(r,a),v(r,a) and s(r, ) as follows.

B(r, ) : the counter-clockwise angle from uyu3 to uyus.

~(r, @) : the counter-clockwise angle from Usus tO Uzl

s(r,a) : the distance |ug — uy].

(See Figure 2.)

Concerning 3(r,a) and ~(r,a), we can easily prove the following properties,
which are used in later sections.

Lemma 2.7.

(i) B(r,a) and vy(r,«) are continuous except for the point where (r,a) = (1,0).
Moreover we have the following:
(a) Forr > 1, we have lir%ﬁ(r, a) =0 and hH}J’}/(T, ) =T
(b) Forr < 1, we have lir%ﬁ(r, a) =7 and lin%”y(r, a) =0.

(i1) B(r,a) and v(r,a) are not continuous at (r,«) = (1,0). In fact we have the
following:
(c) alirgoﬁ(l,a) - alirgov(l,a) Bk

(d) lim §(1,@) = lim 5(1,a) = .

Bl

w N

(2) As in Remark 2.6, we can identify ;1 (o) with M,,_; 4.4y if (r, @) # (1,0),
ie., s(r,a) # 0. We write down this identification pu(r,a) : 7 L(a)— n—1,5(ra)

more explicitly. Take (01,02,...,0,) € 7, (a). By (1), the triangle (uy,us,us3)
can be written as (8(r, &), a, y(r, @)). Hence the (n —1)-gon (u1,us, uq, ..., u,) can
be written as (01 — B(r,«),05 — y(r,«),04,...,0,). Let us write this element as
(01,03,04,...,0,). As |ug — u1| = s(r, ), we can regard (01,03,04,...,0,) as an

element of M,,_1 (), With the fixed line wyu3. Hence we can define a homeomor-
phism u(r, a) by

(28) /L(T, a)(@l,a, 6‘3, 94, ey Qn) = (51,53, 6‘4, ey Qn)

(3) So far we have treated only M, , with r > 0. Concerning M, o, we have the
following:
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U,

FIGURE 3

Lemma 2.9. We have homeomorphisms

w(1,0) : 777:41-1,1(0) — Vn,0,
n:Myo— S x My_11.

Proof. For (ui,ua,...,unt1) € W;il)l(O), we set u(1,0)(ur,ue,...,Upy1) =
(u1,us, Ugy...,Upt+1). As uy = us, we can assume that (ui,us,ug,...,Unt1) €
My 0.

For (u1,u2,...,un) € My (recall that u; = wy = O for such an element),

we define 7,0 1 My o — S by mu0((u1,...,un)) = uz. We identify us with its
—_—
counter-clockwise angle o from Oe; to Oug, where we set e; = ((1))

If we form (uj,us,...,u,) from (uy,us,...,u,), then we can assume that
(u1,us,...,up) € Mp_1,1 with the fixed line wruz. (A more explicit identifica-
tion is as follows: By rotating (ui,us,...,u,) by m — o around O, we have an
element (0,0, —ey,uj, ..., u,). If we form ($e1, —3er, uy + er,...,ul, + 2e1), we
can regard it as an element of M,,_11.)

Then we define 1 by n(ui, us, ..., u,) = (0, (se1, —2er, uf+ Ser, ..., ul, + 2e1)).

O

Remark 2.10. We note that p(1,0)=t-n=1 : ST x M, 11 — w;il)l(O) is given as
follows: We write an element of S x M,,_1 1 as (o, (01,04, ...,0p+1)). Then

(2.11) p(1,0)7 -7 Yo, (01,04,...,001)) = (T —0 +01,0,m+0,04,...,0011).
(See Figure 3.)

3. DEFORMATIONS OF POLYGONS
As indicated in §2, the purpose of this section is to prove the following:

Theorem 3.1. (I) Form >3,1<k<n-—2andn—k =0 mod 2, we have a
map
My x (k—1,k4+1) — (SH)r1
which satisfies the following properties (i)-(iv).
Forr e (k—1,k+1), we define f¥, : My — (S1)"7! to be the restriction
of fF on M, 1 x {r}.
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(i) fk. is injective and Im f]f,r = M. Hence fF, : Myp — My, is a

n,r

homeomorphism.
(ii) ka =id.
“ee . k . k .
iii lim and lim exist. We set
( ) T_>k_1+0fn77‘ T_>k+1_0fn,’r
.= lim k and [, = lim ko
fn)k} T_>k_1+0fn,r fmk T_>k+1_0fn,r

(iv) By (iii), we see that f¥ : My, x (k — 1,k +1) — (SY)"! is extendable
to a map f¥: M, x[k—1,k+1] — (SY)"~L. We require that the latter
map 18 conlinuous.

(IT) Moreover, when n =0 mod 2, we have a map

fY: My o x [0,1) — (SH)" !
which satisfies properties similar to those in (I).

For the rest of this section, we prove Theorem 3.1. To avoid confusion, we set

forth =l Moy 2i1 x (20,20 +2) — (S1)?™, k=2i+1,
2t p%in . MQm,Qi X (2Z — 1, 2Z + 1) — (S1)2m_1, k = 22

2m T

When the number of vertices n = 2m + 1 or n = 2m is clearly understood, we
drop these indices from 5.} or p3i,. Thus f : M, — My, in Theorem 3.1 is

written as

T2 Mont1,2i41 — Momgr,r, 7€ (24,20 +2), k=2i+1,
p%i : M2m72i — M2m7ra re (22 — 1,2t + 1), k= 2i.

Before beginning the proof, we explain the essential idea for constructing 72+!

=T and
p?. As their ideas are similar, we explain for 72*1. Take an element
(01,02,...,09m+1) € Mopmyi12:i41. As in §2 (2), we separate it into a triangle
(B(2i + 1,0),a,7(2i + 1,a)) and a 2m-gon (0y,0s,04,...,02,11), where 0, =
01 — B(2i +1,0),05 = 03 — v(2i + 1, ).

(i) First deform the triangle to (8(r,a’), o/, y(r,a’)), i.e., a triangle with the
length of the fixed line being r (o’ is chosen suitably). Note that the length of the
oblique side of this new triangle is equal to s(r,a’).

(ii) Next think of (61,03,04,...,02m11) € 7r2_n11+1721-+1(a) as an element of
Mo, s2i+1,0) by p(r,a) (cf.  §2 (2)). Then deform (01,03,04,...,02,m1+1) to
(0,04,0Y,...,05,.1), so that the length of the fixed line of this new 2m-gon, i.e.,
ujug, is equal to s(r, a’).

(iii) Finally attach (3(r,a’), o/, y(r,a’)) and (6}, 64,0}, ..., 65, ,,) along the lines
of length s(r,a’), i.e., tyuz. Then we get a new (2m + 1)-gon

(32) (éll + B(Ta O/>a O/a e_é + ’Y(Ta O/>a 9217 EERE 9/2m+1)'

We denote this (2m + 1)-gon as 727161, 0a, ..., 02m11).
Hereafter, we use the following notations.

Notation 3.3. (i) If 72! is constructed as in Theorem 3.1 (I), then we define
Tra @ Momy1,my = Momaga,r, (20 <7172 <20+ 2) by 7/} = 72 (AL

(ii) If p% or p2 is constructed as in Theorem 3.1 (I) or (II), then we define pJ! :
Moy — Mopr, (0 < ri,ro < 1) or ppl 2 Moy py — Moy, (20 —1 <

r1,72 < 2i+ 1) in the same way as we defined 7;}.
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Now we prove Theorem 3.1 by induction on n, where n is the number of vertices
of polygons, i.e., n = 2m + 1 or 2m. For the initial condition of the induction, it is
clear that we have a family of homeomorphisms 7! : M3 1 x (0,2) — (S')2.

(A) Assume that 721 1 Moy, 1 95401 % (24,20 +2) — (S1)?™ are constructed for
0<i<m-—1.

We need to construct p® : Moy, 20 % [0,1) — (S1)2™HL p2 0 Moo % (1,3) —
(S1)2m+1 and p* 1 Mayi02: X (2 —1,2i+1) — (S1)?™ L for 2 < i < m. In order
to do so, it suffices to construct

p(r) : M2m+2,0 - M2m+2,'r7 S [07 1),
P2 Momioo — Moy, 1€ (L,3),

and

p%i : M2m+272i — M2m+27,~, re (22 — 1,2t + 1)

(i) Constructions of p?* for 2 < i < m. First we deform (8(2i,q), o, v(2i, @)).
In order to do so, we only need to designate how « changes as r moves, i.e. to
designate a function g2¢ : [0,27] — [0,27]. We consider the properties which g2
should satisfy.

As p? should satisfy p3i = id, g2* should satisfy

(3.4) g5t = id.

Actually ¢g2¢ should satisfy one more property. Recall that 7r2_nll +2yr(wT) is a
singular fiber for 2i — 1 < r < 2i + 1 by Propositions 2.1 and 2.2. Think of the
situation that w; moves with us fixed, i.e., the length r of the fixed line moves away
from 2i. In this situation, the singular fiber w5, ! 42.2i(w2;) should be deformed to a
singular fiber 7, +2,-(wr). Equivalently, in the course of deformation of the triangle
(B(2i, wa;), wa:, 7(2i,ws;)), the length of the oblique side (= s(r, g2 (w2;))) should
always satisfy s(r, g2*(wo;)) = 2i. And, by the definition of w,, this is equivalent to

(3.5) Piwa) =w, i—1<r<2i+1).
Now it is natural that we define g2!, which satisfies (3.4) and (3.5), by the

T

following manner: Think of a graph w, in the {r} x {a} plane. If r moves in
(26 — 1,2i + 1), then w, is a decreasing function, so

lim w, =, lim w,=0.
r—2i—140 r—2i+1-0

An element « € [0, 7] can be written as @ = Awg; or @ = Awg; +(1—N)7m (0 < A < 1).
So we define g% (a) to be the internal dividing point of [0,w,] or [w,, 7] which
preserves ), i.e., for a € [0, 7],

. Ay if o= dwy (0<A<1),
(36 =1 b | :
Awr + (1 =N if a=Xwy;+(1-Nm (0<A<1).
Finally we define g2*(—a) for o € [0, 7] by
(3.7) g% (—a) = —g¥(a) for a€[0,7].

Thus we have completed the definition of g2.
Now we deform a triangle (3(2i, @), o, v(2i, @)) to the triangle

(B(r, g7 (a)), g7 (), 7 (1, g7 ().
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Next we deform (1,03, 04, ..., 02m12). Note that |uz —u;| of this (2m+1)-gon is
equal to $(2i, ). On the other hand, the oblique side of the deformed triangle has
length s(r, g?*(c)). So we need to deform (0y,0s,04,...,02,12) so that the length
of the fixed line (= |u; — ugl) is equal to s(r, g2*(«)). Note that by the definition of
g%, we have

(a) If 20 — 1 < s(2i, @) < 2i, then 2i — 1 < s(r, g2*(a)) < 2i.

(b) If 27 < s(2i,) < 2i + 1, then 2 < s(r, g2 () < 2i + 1.
By the inductive hypothesis, we have a homeomorphism 7,7} : Mapq1,r — Mamy1,r,
for 20 — 1 < ry,rp < 2i or 2i < r1,r9 < 2i+ 1. Hence if o # +wq;, we can deform
(6‘1, 93, 6‘4, e 792m+2) to

(38) Ts(2i7a)(a))(§1, 93, Oay..., 02m+2) S M2m+175(r)g$'i(a)).

s(r,g2

If o = +w9;, we define the deformation of Mayy,11,2; to itself by the identity map.
Finally we attach the deformed triangle and the deformed (2m + 1)-gon along
the lines of length s(r, g7*(a)), i.e., @ruz. Then we have the following definition of

le-
(39) pfi(al,a, 93, ey 62m+2)
(B(r, g7 (@), g2(@), 1(r, g2 (@) F72(ms oy) (B1, O3, 04, . B2 )
for « 75 ﬂ:in,

(ﬁ(ra 921(0‘))7 921(0‘)7 7(T7 ggz(a)))—’_(él? 937 947 R 62m+2)
for a = fwoy,

where the symbol + is defined as follows: For example, for
(ﬁ('f‘, 9?1 (a))7 gfl (OZ)7 7(T7 gfl (a)))—’_TsS((f,Zg);)(a)) (917 537 947 ceey 02m+2)7

write T;((Tz)zg’;)(a)) (01,05,04, ..., O2pio) as (07,05,04,..., 05,,.,). Then the above
formula is understood as (07 + B(r, g (), g2 (), 05 + v(r, 92 (), 04, . .., O o).

In the following we always use the symbol + in this sense.

Concerning (3.9), if we fix r € (2i—1,2i+1), then p? given in (3.9) is continuous
at w5, 42.,(Fwr), because of the inductive hypothesis of Theorem 3.1 (I). By using
Lemma 2.7 (i), we can easily prove that p? satisfies the conditions of Theorem 3.1
(I). This completes the constructions of p?* (2i — 1 <7 < 2i+1) for 2 <i < m.

(i) Construction of p2. In order to construct p? (1 < r < 3), note that p? (2 <
r < 3) can be constructed in the same way as in (i). So we need to construct
p2 (1 < r < 2). If we follow the steps in (i) in order to construct p? (1 < r < 2),
we see that this deformation is not continuous as r — 1 and o — 0. The essential
reason for this is that G(r,«) and ~(r, «) are not continuous at (r,«) = (1,0) in
the notation of Lemma 2.7. Hence we replace g2 in (i) by a nicer function G2, i.e.,
deform triangles (8(2, o), o, ¥(2, &) more nicely.

For the same reason as in (3.4) and (3.5), we must have G% = id and G?(w3) = w;-.
Think of a graph w, in the {r} x {a} plane. If r moves in (1,2], then w, is a
decreasing function, so that lim w, = m. Choose a number, say ¥ which satisfies

r—140
0 < % < wp, then think of a line Iy in the {r} x {a} plane, which contains the

coordinates (1,0) and (2, %). We see that [y contains (r, Z(r — 1)). An element

a € [0, 7] can be written as & = A5, = A + (1 = ANwg, or a = Adwz + (1 =) (0 <



HOMOLOGY OF CONFIGURATION SPACES 4879

A < 1). So let GZ(a) be the internal dividing point of [0, % (r — 1)], [5(r — 1),w,],
or [wy, 7], which preserves A, i.e., for a € [0, 7],

AZ(r—1) if a=A3(0<A<),
(3.10) GH (@) = AZ(r— 1)+ (1 - MNw, if a=AE+(1-MNws (0< A< 1),
Awr + (1 =X if a=X e+ (1-XN7(0<A<L]).

Then define G?(—a) = —G2(a) for a € [0, 7).
Finally we define p? as in (3.9), i.e.,

(3.11)
pZ(alaaa 937 ey 62m+2)

(B(r, G2 (@), G7 (@), (1, GH(a)))
— +rj§jg§(a))(91, 05,04, ..., 02m12) for o # tws,

(B(r,G%()), G2(a0), v(r, G*())) (01,05, 04, . . ., O2m12) for o = tws.

The fact that p? is continuous as 7 — 1 and o — 0 can be checked easily by using
the following fact, which tells us that (3(r, G%(«)), G2 (), v(r, GZ(c))) is continuous
as r — 1 and o — 0: Assume that |a| is small. Then we can write & = A%, and
GZ(a) = A5 (r — 1). From the deformed triangle (5(r, G} (a)), G2(),v(r, GZ(a))),
we know that
sin? AZ(r — 1)

;2 200V —
sin” (r, G (@) = r2+1—2rcosA\S(r—1)

Then we can prove that

A7
Jimg sin® (r, () = 555

This completes the construction of p? (1 < r < 3).

Remark 3.12. Note that when |a| is small, we have constructed G2 by the idea of
a real version of “blowing-up.”

(iii) Construction of p¥. In order to construct p? (0 < r < 1), first we construct
p? (0 <r < 1). Take an element of Moy, 420 and by 7 (cf. Lemma 2.9), regard it as
an element of S* x Ma,, 11,1 and write it as (o, (01,05, .. .,02m+2)). Prepare a tri-
angle (8(r,0),0,7v(r,0)). (Note that the length of the oblique side of this triangle is
equal to S(T, O')) Deform (01, 93, Ce ,92m+2) S M2m+1,1 to Tsl(r,a) (91, 93, ey 92m+2)-
Finally attach this triangle and (2m 4 1)-gon along the lines of length s(r, &). Thus
(313) pg(av (913937 ey 02m+2)) = (6(Ta 0)7 g, 7(7"7 U))_FTsl(r,a) (913 937 R 92m+2)7
for0<r< %

1

Next we define the deformation pf : My, 51 — Momioyr (1 <r<1)in

the same way as in p2 (1 < r < 2), i.e., by “blowing-up” along the line through
1
(1,0) and (3, %). Then define p? (3 <r < 1) by p% = p? - p. This completes the
2

construction of p2 (0 <r < 1). _
(B) Assume p° : Moy, 0 x [0,1) — (SH)?™~ and p?* : Moy, 2; x (20 — 1,20+ 1)
— (S1)2m=1 are constructed for 1 <i <m — 1.
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We need to construct 721 © Moy, 12541 % (21, 2i+2) — (S1)?™ for 0 <4 < m—1.
In order to do so, it suffices to construct

2i+1 . .
TTH_ : M2m+1,21'+1 — M2m+1,7«, r e (21, 27 + 2)

We note that 72*1 (1 <4 < m — 1) can be constructed in the same way as in
(A)-(i) by taking 1, instead of w, (as for v, see Propositions 2.1 and 2.2). Thus
we need to construct only 7} (0 < 7 < 2). In order to do so, we can construct 7}
independently for the two cases 0 <7 <1 and 1 < r < 2. But as the constructions
for these two cases are similar, we construct Tﬁ only for 1 <r < 2.

By the same reason as in the construction of (A)-(ii), the essential part for which
we must be careful in order to construct 7} is the part for 7, . (where e > 0 is
small), i.e., a deformation of an element of My, 11,1 to a (2m + 1)-gon whose fixed
line has length slightly larger than 1. We construct 7} in the following way.

Fix a number r (1 < r < 2), and think of ¢ > 0 as a variable. We construct
a homeomorphism 7{, : Mamymy1, — Mami1,14¢ such that 61_12(_107{_|r€ exists and

defines a homeomorphism. We write this limit as 77. Finally define 7!, which we
need to define, as (77)~!. (Note that 7 is a homeomorphism.)
Since constructions of 7{, . are similar for a fixed r, we set r = 2 in order to
3
make sure that r is fixed. In order to construct Tl ! M2m+1)% — Mom41,14¢, We
deform the triangle (3(3, ), a,7(2,a)) in the same way as in (A)-(i), i.e., define

92
3
hiye(a) by

IS

h

= wi

(a) = A1ye if az)ﬂ/)g(oﬁ/\ﬁl),
YT W+ (L= N1 i a= Mg + (1 Nr (0< A< 1),

(Recall that s(1+€,114.) = 1.) Then the deformed triangle is given by

3 3 3
(/6(1 + €, h12+e(a))7 h12+5 (Oé), 7(1 + €, h12+5(a)))
We note that G(1+e, hie(a)) is not continuous as € — +0 and &« — 0 by Lemma

3
2.7. In order to make 77, . continuous, we need to deform 7'
+e 2m+1,3

that [the deformed triangle] + [the deformed 2m-gon] is continuous, although [the
deformed triangle] itself is not continuous as above.

When |a| is small, we deform (0y,03,04,...,02,m11) € 772_731“ 5 () by the fol-
2

lowing idea: As usual, we assume that (51,93,94,...,92m+1) S MZTms(%,a) by

©(3, ). Write ps(%’a) 5 (01,05,04,...,00m41) as (0;,05,04,...,05, ). If
o s(teht, ()
(01,03,04,...,02,+1) can be deformed to

07.04.0),...,64 eM 3
(17 3Y4>» ’ 2m+1) 2m’5(1+€’h12+6(a))

() suitably, so

so that
~ ~ 3 3
6/11 ~ 6‘/1 - {7(57 O‘) - 7(1 +¢ h12+e(a))}7
~ ~ 3 3

(3'14) 6‘/3/ ~ 6‘/3 + {7(57 O‘) - 7(1 +¢ h12+e(a))}7

" pl " ~
04 ""943-"7 2m+1N92m+1
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3
(= means approximately the same), then we can define 772 _ (61,0, 03,...,02m11)
by

(315) T1§+e(913 «, 937 R 92m+1) :(ﬂ(l + €, h1§+e(a))7 h1§+5 (Oé), 7(1 + €, h1§+€(04)))
4—(71/7 égv 921/5 e 79/2/771—1-1)'

In fact, by (3.14) we have

(3.16)

3 — 3 3
T12+e(917 «, 6‘37 s 762m+1) %(6‘/1 + ﬁ(l +e h12+e(a)) + '7(1 +¢ h12+e(a)) - 7(_7 a)?

3 _ 3
hf+6(a), 9% + 7(57 a)? 6‘217 SR 6/2m+1)'
We know that

lir% Blr,a) +v(r,a) =7

r—1

in the notation of Lemma 2.7. Hence the term
3 3
Bl + e hip (@) +v(1+¢€hi (o))

in (3.16) is continuous as € — +0 and a — 0. Thus 71%_6 is continuous.

For small |al, the deformation of (01,03, 04,...,02m+1) to (07,04,0,...,05 1)
is defined as follows. .

(a) First get an element pg(f’a)(ﬁl, 03,04, ...,02m+1) € Moy o, and identify
Moy, 0 with St ox Msm—1,1 by n (cf. Lemma 2.9.) So we can write the above
element as (0’, (@1, O4, O5,..., ®2m+1))7 where 0,01,0,4,0s, ..., ®2m+1 S [O, 27T].

(b) Next form (o +7(2,a) —y(1+e, h1%+€(a)), (©1,04,...,09,41)) , i.e., Totate

(0,(01,04,...,02m41)) by 7(3,a) —v(1 + e,hié(a)) in the counter-clockwise
angle.
(c¢) Finally get an element

3 3
0
+9(5,0) = (1 + €6, h2, (@), (01,04, ..., O,
ps(1+e7h1%+é(a))(0— 7(2 ) =71+ €6hiy (@), (01,04 2m—+1))

eM 3
2m,s(1+€,hi (@)).
(By using the definition of p, it is easily checked that the steps (a), (b) and (c)
satisfy (3.14).)
3
Then we finally need to extend this 77 . continuously for any a. (As usual we

need to deform a singular fiber 772_”1”1’% (¢3) to Tomst1ae(Wise).)

Thus it is natural to define 7'1%+E in the following manner: Choose a small positive
number, say 145, then choose a continuous function F' : [0,7] — [0,1] so that
F(a) =1for 0 < a <3 — g5, and F(a) = 0 for ¢35 < a < 7. Then extend the
domain of F to [0,27] by setting F'(—a) = F(«) for a € [0, 7].

Take an clement (61,03, ..., 02m41) € My, 44 5.

(1) If S(%, Oé) < 1, then write pg(%7a) (9_1, 93, 94, ceey 02m+1) as

(0,(01,04,...,02m411)).
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And set
(3.17)

3 3 3 3
7'12_,,_6(91,04, 937 SERE) 62m+1) = (6(1 + ¢ h12+e(a))7 h12+e(a)7 '7(1 +¢ h12+e(a)))

. 3 3
+p” s (et Fla){v(5,0) =71+ € hi (a)} (01,04, ..., O2pni1)).
s(1+e,h12+6(a)) 2

(2) If s(3,a) > 1, then set

3

(318) 72 (61,0,05, ... Boms1) =(B(1+ €, b7, (0)), hiv (@), 7(1 + €, hi, . (@)))

- os(2a _
+p (2 ) 3 (917937947"'792777.—‘,-1)-
s(1+e,hiy (@)

(3) If 5(3, ) = 1, then set

(319) T15+e(913 «, 937 R 92m+1) :(ﬂ(l + €, h1§+e(a))7 h1§+5 (Oé), 7(1 + €, h1§+e(a)))
+(élié37 947 ceey 62m+1)'

3
We can easily prove that liIEOleJrE exists and defines a homeomorphism. This
€E—

completes the construction of 7} (0 < r < 2), and consequently, the proof of
Theorem 3.1.

4. MODELS FOR M, i,

In this section, we construct a space which has the same homotopy type as M, i,
where k € Z. We prepare some notations.
We consider the following diagram:

/\
\/

where X1, Xo, A1, Ay are spaces and f;; are continuous maps. To this diagram, we
correspond a space, which is called the homotopy colimit [1], as follows. Homotopy
colimit is a quotient space obtained from the topological sum of X7 x I, Xo x I, Ay
and A, by identifying (x;, —1) € X; x I with f;;(x;) € Ay and (x;,1) € X; x I with
fia(z;) € Ag for i = 1,2, where I = [—1,1].

Let us write this homotopy colimit by

(4.1)

2

/
"IN

N /N
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Let Ho be the homotopy category. (For two topological spaces X and Y, X =Y
in Ho means that X and Y are homotopy equivalent. And for f,g: X =Y, f=g
means that f is homotopic to g.)

As for the homotopy colimit, the following lemma is well known.

Lemma 4.2. The homotopy colimit is a homotopy functor (from the category of
diagrams to the homotopy category). Thus the homotopy colimit depends only on
the homotopy equivalences of X; and the homotopy classes of fi;.

In the following Definitions 4.3 and 4.3°, we consider special diagrams.

Definition 4.3. We consider the following diagram:

/
\

\/

We denote its homotopy colimit by I (s,t). In particular, if Y = A and t = id4 :
A — A, then we denote I(s,id) by J(s).

Definition 4.3°. We consider the following diagram:
VRN
A B
X

We denote its homotopy colimit by II(p, q). In particular, if X = B and ¢ = idp :
B — B, then we denote II(p,idg) by J'(p).

Lemma 4.4. In Ho, we have J(s) = J'(s) for s : X — A.
Proof. The definitions of J(s) and J'(s) are as follows:

X x1 X x1I
J(s)=A \A and J'(s) = \
AxIT XxI

We define a map J(s) — J'(s). Let ¢ : I — I be the scalar change defined by
clx) =2x+1, -1 <z <0and ¢(z) = —2x+1, 0 <z < 1. Then the map is
defined by sending A x I in J(s) to A in J'(s) by the projection to the first factor,
and then sending X x I in J(s) to X x TUX x I in J'(s) via idx x c. We see that
the map induces a homotopy equivalence. O



4884 YASUHIKO KAMIYAMA, MICHISHIGE TEZUKA, AND TSUGUYOSHI TOMA

We will define the contraction maps which play the essential role to attain our
purpose.

Definition 4.5. (i) To a diagram in Definition 4.3, we define its lower contrac-

tion as follows:
X X
t t ida ida
Y A

This morphism induces a map between homotopy colimits vy (s) : I(s,t) —
J(s).

(ii) Similarly we can define the upper contraction map o (¢) : I(s,t) — J(t).

(iii) If we consider (ii) to the case when ¥ = A and ¢t = ids : A — A, then
we have a map v2(id4) : I(s,ids) — J(ida). Since I(s,id4) = J(s) and
J(ida) ~ S* x A, we can write this map as vo : J(s) — St x A.

Definition 4.5°. (i) For a diagram
X
S
A X
X

and a map ¢ : X — B, we define its right contraction as follows:
X

RN N

A X — A X—=B

N ENCd

X

X

This morphism induces a map between homotopy colimits A1 (q) : J'(p) —

11(p, q).
(ii) Similarly, for a diagram

X
17 \X
X B
X
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and amap p: X — A, we can define the left contraction map A2(p) : J'(¢) —
11(p,q).

(iii) If we consider (ii) in the case when B = X and ¢ = idx : X — X, then we
have a map \a(p) : St x X — J'(p), which is induced from the following map:
X X
o N\ AR
X X — A—X X
X

PN
Theorem 4.6. In Ho, we have

B I(fn_—Lk-i—l’f:—Lk—l) if n—k is even and k > 1,
I Fis) if n—k is odd and k > 1.

n

X

We recall that frjf_l e Mn—1k — Mp_1 +1 are defined in Theorem 3.1.

Proof. For 2 < k < n — 3, this theorem is the direct translation of Theorem 3.1.
For k > n — 2, this theorem is still valid if we remember that the empty set has the
unique map () into any space.

So there remains the case M, 1. We only consider Ms,, 1. We define a map (—1) :
Mom—10 — Mam—1,0 as taking (uy,ua,...,Uzm—1) t0 (—u1, —ua,..., —Uam—1),
where we note that u; = ug = 0 in this case. By Theorem 3.1 (see the construction

3
of 77, .), M2y, 1 is homeomorphic to

Mom—1,1 %X 1

+ f

Mop—1,2 Mopm—1,0

'fztnL\ 41,1

MZm—l,l x I

Hence in order to complete the proof, it is enough to show that (—1) is homotopic
to the identity by Lemma 4.2. If we define a homotopy f; : S' X May,_21 —
SY X May,—21 by a rotation fi(a,u) = (e"a,u) with 0 < t < 1, a € S and
u € May, o1, then the induced homotopy fi = - fi -1 : Mapm_1.0 — Mam_10
(1 : Mapm_1,0 — S' X May,_o is defined in Lemma 2.9) is the desired homotopy.

We can apply the same argument to May,41,1. O

Theorem 4.7. We have the following commutative diagrams in Ho.
(A) (i) Forn—k=0mod?2 and k > 1,

g
Mn,k — Mn,k+1
l l
- +
— + M1 k41) — 21 pg1) + —
I(fn—l,k+17fn—1,k—1) — J( n—l,k+1) - I‘I(fn—l,k+17fn—1,k+l)‘
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(ii) Forn—k=0mod 2 and k > 2,

Frk
Mk — M k-1

Y2 (£ ) Mg k1)
— + n—1,k+1 n—1,k—1
I(-fnfl,k+17 fnfl,k—l)

J(fiq,kﬂ) _— II(f:Lkau ;—l,k—l)'
(B) (iii)

+
fom,0

MQm,O
I I

e (fh_11) M (Fom—1.1) _
SUx Mam-11 —=""0 J(fh11) —— TI(fh 11 Fame1.1)-

(iv)

Mom 1

fom+11
-

Moyt Mopm1,0

_ Y1 (fom,2) _
I(f2m,27f2+m,1) e, J(fzm,2) —= st X Mo, 1-

Proof. We will prove A (i), as the other cases are handled in a similar way. Recall
that I(f_y 1o frq 1) and TI(f7_ 4y, frq yq) are defined by the following
colimits:

M, _ 1k+1><I

nlk nlk
k /1

My 11 x1

I(f;—l,k—i-l?f:—l,k—l)

and

My 11 x T

% wﬂ
+ -
II(fn—l,k+17fn—1,k+1) M1, k42 M1k
\ /@JA
n 1,k+1

My 11 x 1T

where we recall that two copies of M1 in I(f, 4 11, fr_q 1) correspond to
the singular fibers of the projection 7, : My, — S* (see §2).

By the construction of f:[k : My — My 41, this map is characterized as
follows. 7

(i) For (u,t) € Mp_1 k-1 x I, we have

FnCust) = ff g (W) € TI(f7y joiys Fryg)-
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(ii) :{k maps My_1 g+1 X I to Mp_1 41 X T UMp_1 41 X I by a scalar change
of I (see c in the proof of Lemma 4.4).

Next we look at )\g(f;_l’kﬂ)'yl (fg_1’k+l).

(iii) Recall that J(f, ;) is defined by the following colimit:

My _1 41 x 1

e Nl

n 1kXI

J(fn__Lk.H) n 1,k n 1,k

/\

It is easy to see that J(f,_ 1k +1) is homotopy equivalent to a quotient space
obtained from the topological sum of M, _q x+1 x I and M,_1 by identifying
(u,0) € Mp—1 41 x I with fn_—l,k+1(u) € My_1 g, and (u,1) € Mp_1 g+1 x I with
fo i1 (w) € My . Hence by v1(f, 1 1), (u,t) € Mp_1,—1 % I is mapped to
fa 1i—1(w) € Myp_1 k.

(iv) By Ao(f5, 1) f:_Lk_l(u) € M,_1 (see (iii)) is mapped to itself in
Il(fn—l,k-i-l’fn_—l,k-i-l)'

Now by (i)-(ii) and (iii)-(iv), we see that f;k and )\Q(f;_l)kﬂ)*yl(f;_l)kﬂ) are
homotopic. O

5. AUXILIARY THEOREMS

We prepare some theorems which are useful to clarify the proof of Theorems B
and C. We begin by proving two lemmas.

Lemma 5.1. We consider the diagram

0 D C B —2 ., 4
[ “
0 D c’ B %, o4

Here the upper and lower sequences are exact and h is surjective. Then we have
the following isomorphism (i) and an exact sequence (ii).

(i) Coker f = (Ker j5 +Im g)/Im g.
(ii) 0 — Ker h — Ker f — Ker g — 0.

Proof. We have the diagram of two exact sequences

0 D C Ker jgs —— 0
lh Lf lglKerjs
0 D’ c’ Ker j5, —— 0.

Hence we get the long exact sequence
0 — Ker h — Ker f — Ker (g|Ker j3) — Coker h — Coker f
— Coker (g|Ker j3) — 0.
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Since h is surjective, we have isomorphisms
(5.2) 0 — Coker f — Coker (g|Ker j3) — 0
and
0 — Ker h — Ker f — Ker (g|Ker j3) — 0.
From the definition, we have
Coker (g|Ker j3) = Ker j5/(Im g N Ker j35) = (Ker j5 + Im g)/Im g.
Since j3 = j4g, we see that Ker g C Ker j3. Hence we get
Ker (g|Ker j3) = Ker g N Ker j3 = Ker g.
Now the lemma follows from (5.2) |
Dually we have

Lemma 5.3. We consider the diagram

A", B C D 0
I lg lf lh
A p c’ D 0

Here the upper and lower sequences are exact and h s injective. Then we have the
following isomorphism (i) and an exact sequence (ii).

(i) Ker f = Ker g/(Ker g NIm 4).

(ii) 0 — Coker g — Coker f — Coker h — 0.

Proof. We have the diagram of two exact sequences

0 —— B/Imd C D 0
s b
0 —— B'/Imi} C’ D’ 0,

where g is the induced map of g. Hence we get the long exact sequence

0 — Ker g — Ker f — Ker h — Coker § — Coker f — Coker h — 0.
Since h is injective, we get
(5.4) 0 — Kerg — Ker f — 0
and

0 — Coker g — Coker f — Coker h — 0.
From the definition, we have
Ker f 2 Ker g = (Ker g+ Im ¢1)/Im i3 = Ker g/(Ker g N Im ;)
and
Coker g = (B'/Im i}) / (Im g + Im ¢})/Im i}) = B’ /(Im g + Im #}).
Noting that ¢} = gi1, we see that Im i} C Im g. It means that
Coker g = B'/Im g = Coker g.
Now the lemma follows from (5.4). |
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Notation 5.5. We collect notations here. Let K be any field. Then we denote the
homology with K-coefficients by H,.(X). We assume that H,(X) =0 for X = or
n < 0. Furthermore we assume that the map () from the empty set to any space
induces @, = 0 on homology groups.

Theorem 5.6. For s: X — A andt:Y — A, we assume that Im (s,) C Im ().
Then the following (i) and (i) hold.

(i) We have the following isomorphism:
H;(I(s,t)) = H;j(A) ® Coker; (1) ® Hj—1(X) ® Kerj_1 (t.).
In particular, we have
Hy(J(0) = Hy(A) © Hy— (V).
As for I(s,t) and J(t), see §4.
(ii) We have the following exact sequences:
0 — Coker; (t+) @ Ker;_1(t.) — H;(I(s,1)) o) H;(J(s)) —0
and
0 — Coker; (t.) @ Ker;_1(s.) — H;(I(s,£)) 2% H;(J(1))
— Im;_q (t.)/Im;—1 (sx) — 0.
Proof. (i) From the Mayer-Vietoris sequence for I(s,t), we have
— Hy(X) & H,(Y) 2 Hy(4) @ Hy(4) V) (1(s,0)
2 H (X @ Hyy (V) 5
where ¢4 : A — I(s,t) are the two inclusions and M, is a map defined by
(2, y) = (852 — Loy, 542 — L4y)

for x € H;(X) and y € H;(Y).

It is immediate that Ker M;_; = H;_1(X) @ Ker;_1(t.). More explicitly,
let 7j_1 @ Hj_1(X) — H;_1(Y) be a map satisfying t,7;_1(z) = s«(x). Then
Ker M;_; = AH;_1(X) @ Kerj_1(t.), where we set A(z) equal to (x,7;_(x)) for
X € Hj_l (X)

Let A: A — A x A be the diagonal map. Then we see that Im M; = Alm; (t,).
Furthermore if we write a section of the projection H;(A) — Coker;(t.) as &;, then
we have the following decomposition as a vector space:

HJ(A) (&) HJ(A) = HJ(A) (&) AIm](t*) (&) 5jCokerj (t*),

where the first factor of the left-hand side corresponds to the first factor of the
right-hand side. Hence we have

Coker M; = H;(A) @ Coker; (t).
Now we have the exact sequence
0— HJ(A) (&%) Cokerj(t*) — HJ(I(S,t)) — Kerj_l (t*) o) Hj_l(X) — 0.

This completes the proof of (i).
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(ii) We will give a proof of the second exact sequence. We recall that J(¢) is
defined by

Y x1
/ \
t)y=A A
ida ida
Ax]T

Comparing the Mayer-Vietoris sequences for I(s,t) and J(t), we obtain

0 —— H;(A) & Coker;(t,) —— H;(I(s,t)) —— Hj—1(X)® H;-1(Y)

lid—i—O J,V2 ()« J,S*—Hd

0 — H;(A) — H;(J(t)) —— Hj-1(A)® H;j—1(Y)

5 Hi(A) @ Hj_1(A).
Applying Lemma 5.1, we see that
Coker; (y2(t)«) = (Ker M)y 4 Imj_y (s« +id )) /Tm;_y (s. + id )
and
0 — Ker; (id +0) — Ker; (v2(t)«) — Ker;_1 (s« + id

). Since

) —
It is easily seen that Ker Mj_; = {(t.y,y):y € Hj—1(Y)} = H; (Y
()@ Hj-1(Y).

Im (s,) C Im (t.), we see that Ker M;_; +Im;_1 (s«+id ) = Im;_,
So we have Coker; (72(t)«) = Imj_1 (t.)/Imj_q (s4).

It is immediate that Ker; (id + 0) = Coker; (t.) and Ker;_i(s. +id ) =
Ker;_1 (s«). Thus we have Ker; (72(t).) = Coker; (t.) @ Kerj_1 (s4).

Now it is easy to prove (ii). |

The following theorem is the dual of Theorem 5.6.

Theorem 5.6°. For p: X — A and q : X — B, we assume that Ker (q.) C
Ker (p«). Then the following (i) and (ii) hold.

(i) We have the following isomorphism:
H;(I1(p,q)) = H;(A) © Coker; (g.) & Hj—1(X) & Kerj 1 (g«).
In particular, we have
H;(J'(p)) = H;(A) & Hj—1(X).
As for I1(p,q) and J'(p), see §4.
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(ii) We have the following exact sequences:

0 — H,(J'(p) " H;(I1(p,)) — Coker; (¢.) & Kerj-1 (g.) — 0
and
A2(p)«
0 — Ker; (p.)/Ker; (¢.) — H;(J'(¢)) =" H;(I1(p, q))
— Coker; (ps) ® Kerj_1 (¢«) — 0.
Proof. (i) From the Mayer-Vietoris sequence for II(p, q), we have

(e4) (=)
) =T Hy(I (p,q))

s Hy(X) @ Hy(X) % H;(A) @ Hy(B
2 Hy 1 (X) @ Hy 1 (X) — -+

where vy : A — II(p,q) and «— : B — II(p,q) are the inclusions and M, is a map
defined by

(2,y) = (P« — PuYs G — GuY)
for (v,y) € H,(X) & H;(X).

Since Ker (g.) C Ker (p«), we have Im 9; = Ker;j_1 (¢.) ® AH;_1(X), where
Kerj_1 (g«) is a subspace of the first factor of H;_1(X) @ H;—1(X) and A :
H; 1(X) — H;—1(X) ® H;_1(X) is the diagonal map. So we see that

Coker M, = (H,(A) & H,(B))/M, (H; (X) & Hy(X))/ (Ker, (0.) & AH,(X))).
Using H;(X) ® H;(X) = Hj(X)® AH,;(X), we have
(H,(X) & H;(X))/ (Kex; (q.) @ AH,(X)) = H,(X)/Ker; (¢.) = I, (q.).
Hence we get
Coker M; = H;(A) @ (H;(B)/Im; (g.)) = H;(A) ® Coker; (g«).
Now we have the following exact sequence:
0 — H;(A) @ Coker; (¢.) — H;(II(p,q)) — H;—1(X) & Ker;_1 (g«) — 0.

This completes the proof of (i).
(ii) We will give a proof of the second exact sequence. Comparing the Mayer-
Vietoris sequences for J'(¢) and II(p,q), we obtain

!

Hy(X) —2 Hy(X) @ Hy(B) —— H,;(J'(g))

[ [ peaa [ 2o

Hy(X) 5 Hy(4) 0 Hy(B) —— H;(I1(p,q))

. AH;_1(X) — 0

lO-i—id
——— Kerj_; (¢.) ® AH;_1(X) —— 0

where M/j(a) = (a, ¢.) and M;(8) = (p.cv, ¢.8) for o, f € H;(X).
Applying Lemma 5.3, we have an isomorphism

(5.7) Ker; (A2(p)«) = Ker; (p. + id )/(Ker; (p. + id ) N Im M)
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and an exact sequence
0 — Coker; (ps + id ) — Coker; (A2(g)«) — Coker; (0 +id ) — 0.

We see that (o, g.a) € Ker; (p« + id ) N Im M/ if and only if p.a = 0, g.a = 0.
From the assumption Ker (¢.) C Ker (p.), it follows that Ker; (p.+id )NIm M =
Ker; (g«).
On the other hand, Coker; (0 + id ) = Kerj_1 (g ).
Now (ii) follows from (5.7).

O

Theorem 5.8. We have the following two exact sequences for s : X — A:

0 — Kerj_1 (s.) — H;(J(s)) 2" H;(S' x A) — Coker;_; (s,) — 0

and
0 — Ker; (5.) — H;(S* x X) 9" H,(J'(s)) — Coker; (s,) — 0.

Proof. To prove the first exact sequence, we apply the second exact sequence of
Theorem 5.6 (ii) for ¢ = id x. Then we can prove the assertion easily.
The second one is proved symmetrically by using Theorem 5.6°. O

6. HOMOLOGY OF M, ;,

As in §5, we abbreviate the homology with K-coefficients as H,(X), where K is
a field. We recall that M, ,,_1 = {1-point} and M, , = 0 for k > n.

We think of the following assertions.

An: ( ;‘k)* cH.(My i) = Hi(My, j41) is surjective if n — k is even and k > 1.

Bt (fog)s t Ho(Mpi) = Hi(Mp 1) is injective if n — k is even and k > 2.

Crn: Im ((f;5)+) € Im ((fF).) if n is even.

Cr: Ker ((fr1)«) C Ker ((f;71)+) if n is odd.

These are the crucial parts to determine the homology of M,, ;. In the following,
we prove A,, By, C, and C? for n > 2 by induction on n.

For the first step of the induction, we can easily check the assertions for n = 2 (see
(6.6)). Hence in order to complete the induction, we need to prove the following:

Theorem 6.1. The assertions An—_1,Bn—1,Cn—1 and C;_; imply A,, By, Cy and
Ce.

Proof. (i) First we prove A,, for k > 2. By Theorem 4.7 (A)-(i), we have f;‘k =
)‘Z(f:—1,k+1)71(f;—1,k+1) for k > 1, where

71(fn_—1,k+1) My = I(fn_—l7k+l’ f:—Lk—l) - J(fn_—17k+1)

and
)\Z(fr—:_—l,k+l) s (k) & II(fr—:_—l,k+l7fr:—l,k+l) = My j+1-

By A,_1, (f;[_Lk_l)* is surjective for k > 2. Hence we can apply Theorem 5.6
(i) with s = f,; ., and ¢t = f:—l,k—l' The first exact sequence implies that
Y1(fr 1 k1)« 18 surjective.

By Bu-1, (f,_1x41) is injective. Hence we can apply Theorem 5.6° (i) with
p= f:—1,k+1 and ¢ = f,_, ;- By the second exact sequence with A,,_; and B,,_1,

we see that Aa(f,_; 1)« is surjective for k& > 1.
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Now we see that (., ). is surjective for k > 2, and hence we have shown A,, for
k> 2. ’

(ii) Next we show A, for Kk = 1 and C2. By C,,_1, we can apply Theorem 5.6
(ii) with s = f,_; , and t = fr-:_—l,()' The first exact sequence is

(6.2) 0 — Coker; ((f_1.0)+) ® Kerj1((f3_1,0)+) — Hj(Mn,1)

Y1(fr_1,2) _
ST () — 0.

Since )\z(f+_1,2)* P Ho(J(f 1 k1)) — He(Mp2) is surjective by the argument

of (i), (f;r )e = )\Q(f,f_lg)*"yl(f,:_lg)* is surjective. Thus we have shown A,, for
k=1.
By Theorem 4.7 (B)-(iv), we have

fn_,l = ’72’71(fn_—1,2)-
Since (v2)« : Hi(J(f,_19)) — Hi(My0) is injective by B, 1, we have
Kerj ((fn1)+) = Kerj (71(f-1,2)+)-

Now since (f,71)« = Xa(f;_1.2)+71(fr_1.2)«> We see that

n

Ker ((f,.1)«) C Ker ((f;:—l)*)

Thus we have shown C}.
(iii) We can prove B,, and C,, similarly.
This completes the proof of Theorem 6.1. O

Now we have proved the following:
Theorem 6.3. The assertions Ay, By, Cn and CS hold for n > 2.

Moreover, concerning C,, and C,, we can add the following formulae. Since they
are proved in the same way as in Theorem 6.1, we omit the proof.

Theorem 6.4. (i) For an even n, we have
Ker; ((f0)+) = Kerj ((£31,1)+)-
(i1) For an odd n, we have
Coker; ((fn,1)«) = Cokerj—1 ((fr-1,2)+)-

Theorem 6.3 tells us that we can apply Theorems 5.6 (i) and 5.6° (i) to H.(M,, k).
Then by using Theorems 6.3 and 6.4, we can write down H, (M, ) as follows.

Theorem 6.5. (i) Forn—k=0mod 2 and k > 2,
Hj(My k) = Hj(My—15) © Hj—1 (Mp—1,541) ® Kerj 1 ((£;71 4_1)+),

where (f:_l,k_l)* s Ho(My—15-1) — Ho(Mp_1,1) is surjective.
(ii) Formn—k=1mod 2 and k > 2,

Hj(My1) = Hj(Mp—1,k+1) ® Coker; ((f,_1 1)x) ® Hj—1(Mp—1,x),

where (fn__l)k)* cHo(My—1k) = Hi(Mp—1,5-1) is injective.
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(i)
Hj(Mapi11) = Hj(Mam,1) ® Coker; ((f3,.0)+)
@ Hj_1(Mam2) & Kerj_1 ((f5,0)+);
where
Kerj_1 ((fm,0)+) = Kerj1 ((fm-11)+)
and (f2+m—1,1)* s Ho(Mam—11) — H.(Mam_1,2) is surjective.
(iv)
Hj(Mam,1) =H;j(Map—1,2) ® Coker; ((fan,—1,1)«) © Hj—1(Mam-1,1)
@ Ker;_, ((fQ_m—l,l)*)a
where
Coker; ((fom—1,1)+) = Cokerj1 ((f3n-22))
and (fz_m—2,2)* s Ho(Mam—22) = Hyo(Map—21) is injective.
Now we give recurrence relations for H, (M, x; K). When we have fixed a field K,

we denote the Poincaré polynomial of M, j, with K-coefficients by PS(n, k). Thus
PS(n,k) =Y, dimg Hy(M, ;; K)t*. We note the following initial conditions.

(6.6) (i) PS(1,k) =0 for k € NU{0}.
(ii)PS(2,1) = 1, while PS(2,k) =0 for k€ NU{0} and k # 1.
Then our recurrence relations are given by the following;:
Theorem 6.7. (I) Form > 1, we have
PS(2m+1,0) =(1+¢)PS(2m,1),
PS(2m+1,1)=—(1+t)PS(2m —1,2) 4+ 2PS(2m,1) + tPS(2m, 2),
PS(2m +1,2i + 1) =tPS(2m, 2i) + (1 — )PS(2m, 2i + 1) + tPS(2m, 2i + 2),
PS(2m+1,2i) =PS(2m,2i — 1) + (t — 1) PS(2m, 2i) + PS(2m,2i + 1),
PS(2m+1,2m) =1.
(IT) For m > 2, we have
PS(2m,0) =(1+¢)PS(2m —1,1),
PS(2m,1) =PS(2m —1,2) + tPS(2m — 1,1) + (1 + )t(PS(2m — 2,1)
— PS(2m —2,2)) +t(PS(2m —1,1) — PS(2m — 1,0)),
PS(2m,2i +1) =PS(2m — 1,2i) + (t — 1)PS(2m — 1,2i + 1)
+ PS(2m —1,2i+2),
PS(2m,2i) =tPS(2m —1,2i — 1) + (1 — t)PS(2m — 1, 2i)
4+ tPS(2m —1,2i+ 1),
PS(2m,2m — 1) =1.
Proof. We prove only PS(2m,1). From Theorem 6.5 (iv), we have
PS(2m,1) =PS(2m — 1,2) + PS(Coker ((fa,,-11)+)) +tPS(2m —1,1)
T tPS(Ker ((f11)e))



HOMOLOGY OF CONFIGURATION SPACES

and

PS(Coker ((fay,_y 1)+)) = H(PS(2m - 2,1) -

Note that we have
dim Ker; (f3,-1,1)+)

PS(2m — 2,2)).

=dim Cokerj (f2_m—171)*) + dim Hj (M2m—171)

— dlm Hj (MQm_l_’O)

for (f2_m—l,1)*

PS(Ker ((fo-1,1)+)) =t(PS(2m —2,1) —
— PS(2m —1,0).

Now the result follows easily.

: Hj(Mam—1,1) — H;j(Mam—1,0). Hence we have

PS(2m — 2,2)) + PS(2m —1,1)
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|

Now the solution of the recurrence relations of Theorem 6.7 under the initial

conditions (6.6) is given by the following:

Theorem 6.8. (I) For m >0, we have

m—2

PS(2m +1,0) Z (2’”)# {(

=0

2m

2 ) () e
() + oz s 2 ()

2m

m—2 2m—2
2m
PS(2 1,1) = tr+2 gml
amr =30 ()22, )t ()
m—i—1 2m 2m—2 2m
PS(2m+1,2i+1) (A)t’\+ > (A 2)# (1<i<m-—1)

A=0 A=m+i—1 +

PS(2m +1,2i —§(2m>t*+ 23_:2 <2m )# (1<i<m)
A=0 /\ A +i1—1 )\+2

D 2m -1 2m — 2 2m — 3
PS(2m,0) = ( . )t +{2(m_2> (m_4)
A=0
2m —3 m—2
+ ( m—3 ) }(t
m—2 9 1
PS(2m,1) = (m_ )t’\+< m)
—\ A 1
m—i—1 9 1 2m—3
PS(2m,2i+1)= Y ( mA )m 3
A=0 A=m-+i—1
m—i—1 om — 1 2m—3
PS(2m,2i) = > ( \ )t* + 0>
A=0 A=m-+i—2
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Proof. We can prove Theorem 6.8 easily by induction on n (= the number of ver-
tices, i.e., n = 2m or 2m + 1). O

Theorem 6.8 shows that PS(n,k) does not depend on the coefficient field K.
Hence we see that H.(My i; Z) is a torsion free module, and Theorem B follows.

Again by Theorem 6.8, we have determined H. (M, x;Z). In particular, we have
Theorem C.
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